The object of this note is to verify the conjecture of Birch and Swinnerton-Dyer numerically (to high accuracy) for the elliptic curve ( 
1)
E :y2 = 4x3 -28x + 25. The conductor of E is 5077, which is apparently the smallest conductor for a curve of rank 3 over Q. Since previous accurate numerical verifications were done for modular curves of rank 0 or 1, and these can now be confirmed theoretically [2] , [4] , it seemed desirable to test the conjecture for a curve of larger rank.
We assume some familiarity with the theory of elliptic curves; good references are [3] and [5] .
1. The Canonical Height Function. One of the main ingredients in the BirchSwinnerton-Dyer formula is the regulator, i.e., the determinant of the matrix expressing the canonical height pairing on E(Q) ? R with respect to a Z-basis of E(Q)/E(Q) tors-In this section we describe how to calculate the canonical height of a point P e E(Q).
We first recall the definition. The global minimal model for E has the form (2) y2 +y=x3-7x+6, obtained by replacing y by 2y + 1 in (1) and dividing by 4; this equation has discriminant A\ = 5077. If P E E(Q), then the naive height of P is defined as (here it does not matter whether we use model (1) or (2) for E, as the x-coordinates are the same); the canonical height is the unique quadratic form h on E(Q) ? R such that h (P) -h (P) is bounded, and the canonical height pairing is the associated bilinear form (P, P') = ((h(P + P') -h(P) -h(P')). The definition of h immediately implies the formula h (P) = limn n -2h (nP), but this is not convenient for calculations. A formula which is usable is This completes the proof of (4). We remark that the difference between the naive and canonical heights on elliptic curves has been studied by several authors (cf. [7] and the literature cited there) but that the inequality (7) The functions F(x) and log max( IxI, 1)
2. The Mordell-Weil Group and the Regulator. Let Np (p 0 5077) denote the cardinality of E(Z/pZ), i.e., 1 plus the number of solutions of (2) in integers modulo p. Then IE(Q)torsl must divide Np for allp > 2; since N3 = 7 and N5 = 10 it follows that E(Q) is free Abelian. We claim that it is of rank 3, generated by the three points As an illustration, we have given the representations of P as noP0 + n1Pj + n2P2 and the naive and canonical heights of P for 18 integral points P E E(Q) in Table 1 ; the canonical heights can be computed either by the algorithm of Section 1 or as (n0n1n2)A(n0n1n2)'. One has of course also the negatives -P = (x, -y -1) = -noPo -n1Pj -n2P2 with the same heights. The large number of 36 integral points seems to be typical of curves with a high rank relative to their conductor. The results of the computations described in this section are summarized in Table  2 . where III is the (conjecturally finite) Tate-Shafarevich group of E over Q. Equations (8) and (9) give Q R = 1.731849900119300689791975085060154... which agrees with the right-hand side of (14) within the accuracy of our computations in Section 3. This strongly suggests that the conjecture is true and that III = (1). We have checked, via a 2-descent (cf. [1] ), that the 2-primary component of III is trivial.
